7.7 Approximate Integration

Sometimes it is difficult or impossible to find the exact value of a definite integral. For this reason we
introduce methods to find the approximate solution.

In earlier sections we introduced the idea using rectangles with height given by the right endpoint, the
left endpoint, and the midpoint of each interval. In this section we will learn the trapezoidal rule.

The trapezoidal rule results from averaging the approximations given by the left endpoint of an interval
and the right endpoint of an interval.

If the i*" subinterval is given by [x;_4, x;], then the approximation using the left endpoint is:

= ff(x)dx zzn:f(xi—l)Ax

and the approximation using the right endpoint is:

= Jf(x)dx ~ zn:f(xi)Ax
; =1

The Trapezoidal Rule says

f FOO)dx ~ = [L + R, [Z Flxi_)Ax + z f(xl)Ax]

_ _Ax [Z Flxiy) + Zf(xl)

= %AX[(f(xo) + () + (O + f(x2)) + (F(x2) + f(x3)) + o (f (tn—1) + f(x))]

= —Ax

Ef(xl D+ f(xl)]

Trapezoidal Rule:
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Where Ax = ?and x;i =a+iAx

Comparing the Midpoint Rule and the Trapezoidal Rule:

1. The Trapezoidal and Midpoint Rules are much more accurate than the left and right endpoint
approximations.
2. The size of error in the Midpoint Rule is about half the size of the error in the Trapezoidal Rule.

Error Bounds:
Suppose |f"(x)| < k, for a < x < b. If E; and E); are the errors in the Trapezoidal and Midpoint Rules
respectively, then
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Example: Use the Trapezoidal Rule to approximate the given integral with the specified value of n.
(Round to six decimal places).

a) ff exdx, n=8 b) f01\/x+x3dx, n=10

|Er| <

(a) Solution
3-1 _

Ax = —
8

Xg = 2.5, x;, = 2.75, and xg = 3

Xo=1+0-7=1, % =1+1-2=125, x, = 1.5, x3 = 1.75, x, = 2, x5 = 2.25,
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f e%dx ~ %[f(l) + 2f(1.25) + 2f(1.5) + 2f(1.75) + 2f(2) + 2f(2.25) + 2f(2.5) + 2f(2.75) + f(3)]
1

1 1 1 1
+ 2e2.25 + 2e25 4+ 2e2.75 + e3]

N

1 1 1 1
= [el + 2e125 4 2e15 4 2e1.75 + 2e

[2.718282 + 4.451082 + 3.895468 + 3.541590 + 3.297443 + 3.119247 + 2.983649 + 2.877102

~
~

| =

+ 1.395612] ~ 3.534934

(b) Solution

1
Ax = 10 or.l x,=0,x,=0.1,%x,=0.2,x3 =0.3,x4 = 0.4,x5 =0.5,x5 = 0.6,x; = 0.7,xg = 0.8, xg = 0.9,x,0 = 1.0
1

f\/x+x3dx z%[f(()) F2FC1) +2F(2) +2f(3) +2f(4) + 2f(.5) + 2 (.6) + 2 (.7) + 2f(.8) + 2 (.9) + f(1)]

0

1
z%[\/0+03 +2V.14+.13 422423+ +2J.94+.93 + /1 + 13]
1
~ 5[0 +.635610+.+.912140 + 1.143678 + 1.362351 + 1.581139 + 1806654 + 2.042547 + 2.290851

+ 2.552646 + 1.414214] =~ 0.787092

Example: How large should we take n in order to guarantee that the trapezoidal rule is accurate to

0.0001 of the following integral?

1
f Vx + x3dx
0.5
Since we are looking for accuracy we need to use the Error Bound formula for the Trapezoidal Rule.
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|Eq| < 121; Firstfind . f(x) = (x +x3)z f'(x) = E(x +x3)72(1 4+ 3x2) = ﬁ
1
10 2vVx + x3(6x) — (1 + 3x2)((x + x3)72(1 + 3x?) 3x*+6x%2—1
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(ZVX + x3)2 4(x + x3)%



Plot the graph of /" and you will see that | f"(x)| < 0.8 for 0.5 < x < 1.
Then

£ |<k(b—a)3 s .8(1-10.5)3 200001 = .8(.125) <2
™= " on2 12n2 ' 12(0.0001) - "

2 .8(.125)

n?>83.3 = n>9.1287... therefore n=10 will yield the desired accuracy.
12(0.0001)



